Selectors in non-Archimedean spaces  by Artico, G. et al.
Topology and its Applications 154 (2007) 540–551
www.elsevier.com/locate/topol
Selectors in non-Archimedean spaces ✩
G. Artico a, U. Marconi a,∗, R. Moresco a, J. Pelant b,
a Dipartimento di Matematica Pura e Applicata, via Belzoni 7, I-35131 Padova, Italy
b Mathematical Institute of the Academy of Sciences of the Czech Republic, Žitná 25, 115 67 Prague 1, Czech Republic
Received 13 September 2005; received in revised form 25 July 2006; accepted 26 July 2006
The coauthors wish to dedicate it to his memory, with deep esteem and genuine affection
Abstract
Continuous selectors on the hyperspace F(X) are studied, when X is a non-Archimedean space. It is shown that a non-
Archimedean space has a continuous selector if and only if it is topologically well orderable. Another characterization is given
in terms of density and complete metrizability.
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0. Introduction
All spaces will be assumed to be Hausdorff. By F(X) we denote the set of all non-empty closed subsets of X,
equipped with the Vietoris topology [8, 2.7.20]. This topology, which is referred to as the finite topology in [11], has
a subbase consisting of all the sets of the form V + = {E ∈ F(X): E ⊆ V } and V − = {E ∈ F(X): E ∩V = ∅}, with V
ranging over the open sets of X. Thus a base for the Vietoris topology consists of all the subsets of F(X) of the form
W+ ∩ V −1 ∩ · · · ∩ V −n , with W , V1, . . . , Vn arbitrary open subsets of X.
A continuous selector on X is a continuous function σ :F(X) → X such that σ(F ) ∈ F for each F ; we shall often
write σF instead of σ(F ) when the meaning is clear.
In [7,5] it is shown that every strongly zero-dimensional completely metrizable space has a continuous selector.
The authors also show that such a space is topologically well orderable (see Definition 14 below). On the other hand,
the question whether the existence of a continuous selector for a metrizable space X implies complete metrizability
of X has been answered positively in [12].
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so that they are non-Archimedean topological spaces (see Definition 2 below). These spaces have been defined by
Ð. Kurepa in [9,10] under the name “spaces with ramified base”, while the term “non-Archimedean” is due to
A.F. Monna [13].
In [2] we investigate the existence of a continuous selector for non-Archimedean spaces when every countable
subset is closed; it is easy to show that these spaces are P-spaces, that is every Fσ -set is closed. In that paper we
show that, for non-Archimedean P-spaces, the existence of a continuous selector is equivalent to being scattered and
to being topologically well orderable.
The purpose of the present paper is to provide characterizations of non-Archimedean spaces which admit a contin-
uous selector. In particular, Theorem 16 generalizes results from [7,5,12] to first-countable non-Archimedean spaces.
In Theorem 21 we show that a non-Archimedean space X has a continuous selector if and only if it is topologically
well orderable. Moreover, in Theorem 27 we provide another topological condition which involves the complete
metrizability of the subspace Xω of first countable points.
To achieve these characterization we introduce branching systems, which are a quite technical tool involving cov-
ering properties of a non-Archimedean space with a continuous selector. Possibly branching systems can be avoided
(we do not know how) but in our opinion this tool is rather interesting by itself and it is connected with selectors in
a quite natural way.
1. Needed facts
For basic notions and notations we refer to [8,4].
Let Isol(X) = {x ∈ X: x is isolated in X}, Xω = {x ∈ X: χ(x) = ω}, and X>ω = {x ∈ X: χ(x) > ω}. Notice that
the sets Isol(X), Xω and X>ω are pairwise disjoint.
Given two families U and V of subsets of X, we say that U ≺ V (U refines V) if ⋃U =⋃V and every element
of U is contained in some element of V .
Definition 1. A topological space X is said to be ultraparacompact if each open cover has a refinement by a partition
into open sets.
Definition 2. A base B for a topological space X is said to be non-Archimedean if B1, B2 ∈ B and B1 ∩B2 = ∅, then
either B1 ⊆ B2 or B2 ⊆ B1. A topological space is called non-Archimedean if it has a non-Archimedean base.
Clearly, every element of a non-Archimedean base is a clopen set.
Non-Archimedean spaces are known to be (hereditarily) ultraparacompact [19, proof of Theorem 5], [16, proof
of Theorem 4]. Moreover it is known that every non-Archimedean space has a base which is a tree with respect to
the set inclusion (U < V means U ⊃ V ) [17] (see also [18]); for a proof of this result and other properties about
non-Archimedean bases, see [15, Section 2].
We shall need a more detailed, but quite simple version of these properties for our procedure (recall our assumption
that all spaces are Hausdorff).
Definition 3. A base B of open subsets of a topological space X is said to be a monotone ortho-base if for every
family D ⊆ B totally ordered by ⊆ we have that ⋂D is either open or D is a base of neighbourhoods of a point (in
particular,
⋂D is a singleton).
Lemma 4. Every non-Archimedean base B is a monotone ortho-base.
Proof. Let D be a chain of elements of B and let x ∈ D =⋂D. If there exists y = x, y ∈ D, then there exists V ∈ B
such that x ∈ V and y /∈ V , hence V ⊂ W for each W ∈D. Thus, if D is not an open set, then D = {x} and x is not
isolated. In this case, if U ∈ B is a neighbourhood of x, there exists an element W ∈D such W ⊆ U . 
A collection of subsets of X is said to be monotone if it is linearly ordered by inclusion. A monotone union is the
union of a monotone collection.
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open partition P such that each P ∈P is a monotone union of elements of B.
Proof. It is quite obvious as we can assume that U is locally finite—use ultraparacompactness of X mentioned above.
Hence
⋃D is contained in some U ∈ U whenever D ⊆ B is a maximal (increasing) chain of elements of B such that
each D ∈D is contained in some element of U . Clearly, ⋃D for this D is clopen. 
Notation 6. If B is a non-Archimedean base, B↑ denotes the collection of all⋃E where E ⊆ B is a chain with respect
to ⊆.
It is easy to see that
⋃E is clopen for each chain E ⊆ B and that B↑ is also a non-Archimedean base. Consequently
B↑ is a monotone ortho-base; moreover B = B↑.
Remark 6.1. By using hereditary ultraparacompactness and Lemma 5, it is easy to show that every family A of open
sets may be refined by a disjoint collection consisting of elements of B↑.
We proceed with a simple and well-known
Lemma 7. Let X be a Hausdorff space, x ∈ X be a point with a monotone local base Ex and F be a subset of X. For
every point x ∈ F , either x is isolated in F or χ(x,F ) = χ(x,X).
Proof. Let κ be the cofinality of the ordered set Ex and let Bx denote a well-ordered cofinal subset of Ex whose order
type is equal to κ . Then Bx is a base of neighbourhoods of x, and χ(x,X) coincides with the regular cardinal κ .
Suppose x is not isolated in F . Let A= {B ∩F : B ∈ Bx}. Then A is monotone as well and clearly cardA cardBx .
If cardA < cardBx then, by the regularity of κ , there are a non-empty A0 ∈ A and a subfamily B′ of Bx such
that F ∩ B = A0 for each B ∈ B′ and cardB′ = κ ; but B′ would be still a base of neighbourhoods of X, and this is
impossible because A0 would coincide with {x}, hence x would be isolated. So cardA= cardBx . If D is a local base
(in F ) for x then for each D ∈D there is AD ∈A such that AD ⊆ D as A is the trace in F of the local base Bx . As A
is monotone and its cardinality is regular we obtain that cardD  cardA. 
Theorem 8. Suppose that the space X has a non-Archimedean base B and that there exists a continuous selector
σ :F(X) → X. Then σF is either isolated in F or first-countable (in F ) for each non-empty closed F ⊆ X.
Proof. Assume F ⊆ X, F = ∅ and the local character of σF in F is uncountable. Put κ = χ(σF,F ). Recall that κ
is regular. Take A = {Aα: α ∈ κ} a local base of σF in X, consisting of sets from B (see the proof of Lemma 7).
Then A is monotone and, by Lemma 4, we may replace Aγ with
⋂{Aβ : β < γ } for each limit γ ∈ κ . Note that each
Aα is clopen. Define Fα = F \ Aα for each α ∈ κ . Then the net 〈Fα: α ∈ κ〉 converges to F in the Vietoris topology.
Observe that for α limit, Fα =⋃{Fβ : β < α} and so σFα ∈ Fβα for some βα < α. Using the pressing down lemma,
we find out that there is a cofinal S ⊂ κ such that βγ is constant for γ ∈ S. But 〈σFα: α ∈ κ〉 cannot converge to σF ,
contradicting the continuity of σ . 
Recall that a topological space is said to be a P-space provided that the union of countably-many closed sets is
closed. A zero-selector is a selector that chooses a relatively isolated point σF for each non-empty closed set F .
The following statements follow from Theorem 8:
Corollary 9. Each continuous selector on a non-Archimedean P-space is a zero-selector.
Corollary 10. Assume that there is a continuous selector σ on a non-Archimedean space X. If F ⊆ X>ω has no
isolated points then F ∩Xω is dense in F .
Proof. For every clopen subset V such that V ∩ F = ∅ we have that V ∩ F has no relatively isolated points. Conse-
quently σ(V ∩ F) ∈ Xω. 
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Let us examine some relevant consequences of the existence of a continuous selector σ :F(X) → X on a non-
Archimedean space X, keeping all previous notations. Fix a non-Archimedean base B and put α = cardB↑; for k ∈ ω,
k  1, αk denotes the set of the functions from {1, . . . , k} to α and α0 = {∅}; finally put Finα =⋃{αk: k ∈ ω}.
The starting point of our procedure is the following situation: take distinct points a, b ∈ X and assume σ {a, b} = a.
Then there is an open neighbourhood Ua of a with b /∈ Ua such that σ(F ∪ {b}) ∈ F for each closed set F contained
in Ua . The idea of our construction on this step is to take Ua for each a ∈ X to arrive eventually to a ‘nice’ cover
of X. However, it is possible only when for each a ∈ X there is b ∈ X \ {a} such that σ {a, b} = a, and that might not
happen. Fortunately, there could be only one peculiar point p ∈ X such that σ {a,p} = a for all a ∈ X \ {p}. Then we
will cover by Ua’s the set X \ {p} and the point p is chosen as b for each a ∈ X \ {p} in the above procedure. Having
found a collection of Ua’s, we use the hereditary ultraparacompactness of non-Archimedean spaces, more concretely
Remark 6.1, to find a partition, which refines {Ua} and consists of elements of B↑. This partition will be used for the
construction.
Carrying on this construction, we obtain on the kth step, clopen sets W ’s and finite sets HW ⊂ X \ W with the
property that σ(F ∪HW) ∈ F for each non-empty closed F ⊆ W (every HW consists of k-many elements). Omitting
details here, let us say that W ’s cover X except for “peculiar” points which have emerged during the construction.
Another feature of the construction will be that nothing is done for W ’s which are just singletons. The construction on
the kth level follows the pattern from the level 0: for a ∈ W , take, if possible, b ∈ W \{a} such that σ(HW ∪{a, b}) = a
and a neighbourhood Ua of a such that Ua ⊆ W \ {b} and σ(F ∪ {b} ∪HW) ∈ F for each non-empty closed F ⊆ Ua .
Again, there could be only one peculiar point p ∈ W with no b ∈ W \ {p} such that σ(HW ∪ {p,b}) = p. For the
construction, we use again a partition which consists of elements of B↑ and refines the collection of Ua’s.
Let us state formally what we have tried to describe (see also the proof of Proposition 13).
Notation 11. Assume n ∈ ω, n 1, ı ∈ αn; put dom ı = {1, . . . , n}; if t  n − 1, let ı − t the restriction ı|n−t of ı to
{1, . . . , n− t} and let ı − n = ı|0 = ∅.
j  ı means that j = ı − t for some t , and put Pr(ı) = {j : j  ı}.
For ı ∈ αn and M ⊆ αm, m > n, define M[ı] = {j ∈ M: ı  j}.
Definition 12. We call ‘branching system’ a quadruplet
(Jn,Wn,Ln,Hn)n∈ω
whose elements are described below (recall that [X]n denotes the set of all the subsets of X consisting of exactly n
elements):
• Jn ⊆ αn, J0 = {∅}, Jn+1[ı] = ∅ for every ı ∈ Jn and Jn+1 verifies Jn+1 =⋃{Jn+1[ı]: ı ∈ Jn}.
• Wn ⊆ B↑, Wn = {Wı : ı ∈ Jn}.
• Ln ⊆ X, Ln =⋃{Pı : ı ∈ Jn} where Pı ⊆ Wı and cardPı  1 (hence if ı ∈ Jn, Pı = Wı ∩Ln).
• Hn ⊆ [X]n, Hn = {Hı : ı ∈ Jn, cardWı−1 > 1}.
We shall use later also branching systems of the form (Jn,Wn,Ln)n∈ω .
Put Kn = {ı ∈ Jn: cardWı−1 > 1}.
Consider now the following properties of a branching system:
(i) W0 = {X}, i.e. W∅ = X; L0 = P∅; H0 = ∅.
(ii) Wn is disjoint, ⋃Wn = X \ ⋃n−1k=0 Lk and for ı ∈ Jn, Wı \ Pı = ⋃{Wj : j ∈ Jn+1[ı]}; as a consequence,
Ln ∩Lm = ∅ for n = m.
(iii) If cardWı = 1 then cardJn+1[ı] = 1 and Wj = Wı for all j  ı.
(iv) If {ık: k ∈ ω} ⊆ Finα , sup|dom ık| = ω and ık  ık+1 for k ∈ ω then ⋂k∈ω Wık is a singleton x ∈ X and {Wık }k∈ω
is a local base at x.
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(sel-1) If ı ∈ Kn, then σ(F ∪Hı) ∈ F for each non-empty closed set F ⊆ Wı .
(sel-2) Pı = ∅ iff there exists a point z ∈ Wı such that Wı \ {z} = ∅ and σ(Hı ∪ {z, b}) = z for each b ∈ Wı \ {z}.
Clearly this can hold for a unique point, say pı , and Pı = {pı}.
(sel-3) Pı ⊆ Hj for each j  ı, j ∈ Km for some m and j = ı.
(sel-4) Hı ⊆ Hj whenever ı  j and j ∈ Km for some m; moreover if ı ∈ αk then cardHk .
(sel-5) If ı ∈ Km and we put Hı = {hıt : t ∈ {1, . . . ,m}}, it is hıt ∈ (Wı|t−1 \Wı|t ). Thus Hı ∩Wı = ∅.
Remark 12.1. Notice that X>ω ⊆⋃n∈ωLn.
Indeed, for every x ∈ X \ (⋃n∈ωLn) and for every n ∈ ω there exists Wın ∈Wn such that x ∈ Wın . Property (iv)
ensures that the family {Wın : n ∈ ω} is a base of neighbourhoods of x. In particular, if x ∈ Isol(X) \ (
⋃
n∈ωLn), then{x} ∈Wn for some n ∈ ω.
We have the following
Proposition 13. Let X be a non-Archimedean space with a continuous selector σ :F(X) → X and let B be a non-
Archimedean base for X. Then there is a branching system
(Jn,Wn,Ln,Hn)n∈ω
satisfying the properties (i), . . . , (iv) and (sel-1), . . . , (sel-5).
Proof. Level 0. Put J0 = {∅} and W0 = {X}, i.e. W∅ = X. Let P∅ = {p ∈ W∅: σ({a,p}) = p ∀a ∈ W∅ \ {p}}. If
P∅ = ∅, then it consists of a unique ‘peculiar’ point p∅. Put L0 = P∅ and H0 = ∅.
Level 1. If cardW∅ = 1 (that is X is a singleton), take γ ∈ α1 and define J1 = {γ }, Wγ = W∅ and W1 = {Wı :
ı ∈ J1} = {W∅}, L1 = ∅, H1 = ∅.
Suppose cardW∅ > 1. For each a ∈ W∅ \ P∅ choose ba ∈ W∅ \ {a} such that σ({a, ba}) = a, with the caution that
ba = p∅ if P∅ = ∅. Choose an open neighbourhood Ua of a with ba /∈ Ua such that σ(F ∪ {ba}) ∈ F for each non-
empty closed set F contained in Ua . Apply Remark 6.1 to find a subset J1 ⊆ α1 and a clopen partition {Wı : ı ∈ J1}
of W∅ \ P∅ which refines the collection {Ua : a ∈ W∅ \ P∅} and consists of elements of B↑. Put W1 = {Wı : ı ∈ J1}.
For every ı ∈ J1 there exists aı ∈ W∅ \P∅ such that Wı ⊆ Uaı . Let Hı = {baı } (notice that baı = p∅ if P∅ = {p∅}). Put
H1 = {Hı : ı ∈ J1}. For every ı ∈ J1 let Pı = {p ∈ Wı : σ({a,p}) = p ∀a ∈ Wı \ {p}}. If Pı = ∅, then it consists of
a unique peculiar point pı ∈ Wı . Put L1 =⋃{Pı : ı ∈ J1}.
Level 2. Fix j ∈ J1.
If cardWj = 1, take γ ∈ α2 such that γ |1 = j and put Wγ = Wj (therefore J2[j ] = {γ } and Pγ = ∅). Put J j2 = {γ }.
Obviously Hγ is not defined because γ − 1 = j and cardWj = 1.
Now suppose cardWj > 1. For each a ∈ Wj \ Pj choose ba ∈ Wj \ {a} such that σ({a, ba} ∪ Hj) = a, with the
caution that ba = pj if Pj = ∅. Choose an open neighbourhood Ua ⊆ Wj of a with ba /∈ Ua such that σ(F ∪ {ba} ∪
Hj) ∈ F for each non-empty closed set F contained in Ua . Apply Remark 6.1 to find a subset J j2 ⊆ α2[j ] and a clopen
partition {Wı : ı ∈ J j2 } of Wj \ Pj which refines the collection {Ua : a ∈ Wj \Pj } and consists of elements of B↑. For
every ı ∈ J j2 there exists aı ∈ Wj \ Pj such that Wı ⊆ Uaı . Let Hı = {baı } ∪ Hj (notice that baı = pj if Pj = {pj }).
For every ı ∈ J j2 let Pı = {p ∈ Wı : σ({a,p} ∪Hj) = p ∀a ∈ Wı \ {p}}. If Pı = ∅ then it consists of a unique peculiar
point pı ∈ Wı .
Put J2 =⋃{J j2 : j ∈ J1} andW2 = {Wı : ı ∈ J2}. Observe that for every j ∈ J1 we have J2[j ] = J j2 and Wj \Pj =⋃{Wı : ı ∈ J2[j ]}. Put H2 = {Hı : ı ∈ J2, cardWı > 1} and L2 =⋃{Pı : ı ∈ J2}.
Level n + 1. The inductive construction may be obtained by using level n in the same way as level 2 follows from
level 1.
Properties (i), . . . , (iii) and (sel-1), . . . , (sel-5) hold by construction. Only the property (iv) needs some justification
when cardWın > 1 for every n. Consider
⋂
n∈ω Wın ; if it is not a singleton, then
⋂
n∈ω Wın is open by Lemma 4. Hence
G =⋃n∈ω Hın is closed and discrete. There exists k ∈ ω such that σ(G) ∈ Hık . Since G = (G∩Wık )∪Hık , by (sel-1)
we obtain that σ(G) ∈ Wık ∩Hık = ∅, a contradiction. 
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(i), . . . , (iv) and (sel-1), . . . , (sel-5), it suffices to assume the existence of a continuous selector on the subspace of
F(X) consisting of all countable closed and discrete subsets.
Remark 13.2. We have introduced families H’s and properties (sel-1), . . . , (sel-5) to catch features of a continuous
selector which are needed to achieve (iv). Nevertheless, for our final purposes, properties (i), . . . , (iv) suffice and only
Jn’s, Wn’s and Ln’s will be used.
A Hausdorff space X is said to be a generalized ordered space (GO space) if there exists a linear order on X such
that each point has a local base consisting of (possibly degenerated) intervals. It is easy to check that it suffices to
assume that there exists a base consisting of convex sets. In [6, Theorems 17 A.22, 17 A.23] it is proved that X is
a GO space if and only if it is a subspace of a linearly ordered space. The proof of this result also shows that the notion
of topologically well-ordered subspace introduced in [7] can be reformulated in the following way:
Definition 14. A topological space X is said to be topologically well-orderable if X is a GO space with the property
that every non-empty closed subset has a minimum point.
If X is topologically well-orderable then the map F → minF is a continuous selector.
Lemma 15. A non-Archimedean space X is completely metrizable if and only if there exists a family of partitions
{Pn: n ∈ ω, Pn ⊆ B↑}, with Pn+1 ≺Pn for every n, such that whenever {Mn: Mn ∈Pn, n ∈ ω} is a decreasing chain
for the inclusion, then it is a base of neighbourhoods for a single point.
Proof. Necessity. Assume X is completely metrizable and denote by Un the covering consisting of the balls of ra-
dius 1
n
. By using ultraparacompactness, it is easy to construct partitions Pn ⊆ B↑ such that Pn ≺ Un and Pn+1 ≺ Pn.
If {Mn ∈ Pn: n ∈ ω} is a chain for the set inclusion, then it is a base for a Cauchy filter. Therefore⋂n∈ω Mn is a single
point x and {Mn: n ∈ ω} is a base of neighbourhoods for x.
Sufficiency. The family of clopen partitions P = {Pn: n ∈ ω} is a base for a metrizable uniformity that induces the
topology of X. This uniformity is complete since every chain of elements of P has non-empty intersection. 
The following theorem generalizes results contained in [7,12].
Theorem 16. Let X be a first-countable space with a non-Archimedean base B. The following conditions are equiva-
lent:
(i) X has a continuous selector.
(ii) There is a branching system (Jn,Wn,Ln)n∈ω satisfying the properties (i), . . . , (iv).
(iii) X is completely metrizable.
(iv) X is topologically well-orderable.
Proof. (i) implies (ii) follows from Proposition 13.
(ii) implies (iii). For each p ∈ Ln, n ∈ ω, take a local base B(p) at p such that B(p) ⊂ B↑. Note that B(p) is
monotone and we may assume B(p) = {Bt(p): t ∈ ω}, with Bt(p) ⊇ Bt+1(p) for all t ∈ ω. If p is isolated, then all
Bt(p)’s are the singleton {p}.
We may and shall assume that if p ∈ Ln and p ∈ Wı ∈Wn then B0(p) ⊆ Wı , hence B0(p) ∩⋃m<nLm = ∅ and
B0(p)∩B0(p′) = ∅ if p = p′ ∈ Ln.
Observe that if m < n and p ∈ Lm, q ∈ Ln and Bt(p) ∩ Br(q) = ∅ then Bt(p) ⊃ Br(q). Moreover, if Bt1(pı1) ⊇
· · · ⊇ Btk (pık ) ⊇ · · · is (strictly) monotone, then ı1  · · · ık  · · · is (strictly) increasing.
Define Rt =Wt ∪ {Bt(p): p ∈⋃ Lm}.m<t
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description of partitions Pt ’s in the proof of complete metrizability, we provide these details now:
(∗)
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
• if W ∈Wt and W ∩⋃{Bt(p): p ∈⋃m<t Lm} = ∅ then W ∈Pt .• if q ∈⋃m<t Lm then there is a maximal (with respect to ⊆) M ∈{Bt(p): p ∈⋃m<t Lm} such that Bt(q) ⊆ M; this set M will be an
element of Pt . (There exists a minimum m such that Bt(q) ⊂ Bt(x)
for a point x ∈ Lm; it turns out that M = Bt (q).)
Observe that if W ∈Wt and W ∩⋃{Bt(p): p ∈⋃m<t Lm} = ∅ then
W is contained in some M as stated above.
In order to prove that X is completely metrizable, by Lemma 15 it is enough to prove that if Mn ∈ Pn and Mn+1 ⊆ Mn
then {Mn: n ∈ ω} is a local base of neighbourhoods. The sequence {Mn}n∈ω can choose sets of various forms as they
were described in (∗) above. By the property (iv) of branching systems, the only case which requires some comments
is the situation when Mn = Bn(pın) for pın ∈
⋃
m<nLm for every n greater than a suitable n. We know that {ın: n > n}
is linearly ordered by .
Two cases will be distinguished:
(i) sup|dom ın| <ω. Then there is pın0 with dom ın0 maximal and {Mn = Bn(pın0 ): n > n0} is a local base of pın0 .
(ii) sup|dom ın| = ω. Recall that Mn = Bn(pın) ⊆ Wın . Put x =
⋂
n>n Wın . Then {Mn: n ∈ ω} is a base of neigh-
bourhoods for x.
(iii) implies (iv). See [7, Theorem 1.1].
(iv) implies (i). The map F → minF is a continuous selector. 
Lemma 17. Let X be a normal space and Y be a subspace of X.
If σ :F(X) → X is a continuous selector such that σ(F ) ∈ Y for every relatively closed subset F ⊆ Y , then
F → σ(F ) defines a continuous selector on F(Y ).
Proof. To check the continuity, let W be a neighbourhood of σ(F ) in X. Let Z = 
+ ∩ V −1 ∩ · · · ∩ V −n be a neigh-
bourhood of F in F(X) such that if B ∈ Z then σ(B) ∈ W . Since F ⊆ 
, take an open subset U of X such that
F ⊆ U ⊆ U ⊆ 
. Then ZY = (U ∩Y)+ ∩ (V1 ∩Y)− ∩ · · ·∩ (Vn ∩Y)− is a neighbourhood of F in F(Y ). If G belongs
to ZY , it is straightforward to prove that G ∈Z , and thus σ(G) ∈ W ∩ Y . 
Proposition 18. Let X be a non-Archimedean space with a continuous selector σ :F(X) → X. Then both Xω and
Xω ∪ Isol(X) are completely metrizable.
Proof. Clearly Xω is a closed subspace of Xω ∪ Isol(X), so we should deal only with the latter space. If F is a rel-
atively closed subset of Xω ∪ IsolX, then F \ F ⊆ X>ω and consequently σ(F ) ∈ F (see Theorem 8). Since every
non-Archimedean space is normal (Remark 6.1), Lemma 17 shows that the map F → σ(F ) defines a continuous
selector on Xω ∪ IsolX. The conclusion follows from Theorem 16. 
If there is a branching system (Jn,Wn,Ln)n∈ω on X (so Hn’s are omitted), satisfying (i), . . . , (iv) with an addi-
tional property that all chains are finite, which means that (iv) describes a situation in which Wın reduces to a singleton
in every chain, then X is scattered, as we shall see in the next corollary. On the other hand, each non-Archimedean
scattered space has a continuous zero-selector σ (see the proof of [2, Theorem 1.6]). More precisely, we obtain
Corollary 19. Let X be a space with a non-Archimedean base B. Then X is scattered iff there is a branching system
(Jn,Wn,Ln)n∈ω on X, satisfying (i), . . . , (iv), without infinite chains.
Proof. Sufficiency. Suppose there is a branching system without proper infinite chains. Let S be a non-empty subset
of X. If |W∅ ∩ S| > 1 there exists ı1  ı0 = ∅, ı1 ∈ J1 such that Wı1 ∩ S = ∅. Going on by induction, the process must
stop at some Wın such that |Wın ∩ S| = 1.
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system (Jn,Wn,Ln,Hn)n∈ω satisfying the properties (i), . . . , (iv) and (sel-1), . . . , (sel-5). If there exists a proper
infinite chain Wın , the corresponding set F =
⋃
n∈ω Hın has a unique limit point x, where {x} =
⋂
n∈ω Wın . By
(sel-1), σ(F ∪ {x}) = x and therefore σ is not a zero-selector. 
Proposition 20. Let X be a space with a non-Archimedean base B. If (Jn,Wn,Ln)n∈ω is a branching system on X
satisfying (i), . . . , (iv) then X is topologically well-orderable.
Proof. We are going to define the order ≺ inductively by assigning ≺ on each partition Un = Wn ∪ {{p}: p ∈⋃
k<nLk}.
If P∅ = {p∅}, put (X \ {p∅}) ≺ p∅. If p∅ is not isolated then take a local base at p∅, say B(p∅) = {Bα: α < χ(p∅)}.
We may assume that Bα belongs to B for every isolated ordinal α. At a limit ordinal β ∈ χ(p∅), one takes Bβ =⋂
δ<β Bδ . By Lemma 4, this intersection must be clopen. Assume moreover B0 = X. In this way the base B(p∅) is
totally ordered by (inverse) inclusion. Then define (Bγ \ Bγ+1) ≺ (Bδ \ Bδ+1) whenever γ < δ < χ(p∅) and both
terms are non-empty.
As p∅ /∈ Wı for each Wı ∈W1, we obtain that for each Wı ∈W1 there is δ ∈ χ(p∅) such that Bδ \Bδ+1 ⊇ Wı . Take
any well-order ≺ on {Wı ∈W1: Wı ⊆ (Bδ \Bδ+1)}. In this way, the well-order ≺ is defined on U1 in such a way that
greater elements are closer to p∅.
If p∅ is isolated or P∅ = ∅, then define an arbitrary well-order ≺ on the elements of W1.
Notation. For ı ∈ Jn, W[ı] = {Wj : j ∈ Jn+1[ı]}.
Induction step. Suppose ≺ has been defined on partitions U1, . . . ,Un in such a way that ≺ is refinement-compatible,
i.e. if two elements of Uj+1 are contained in distinct elements of Uj , they maintain the same order of the suprasets.
Let E,F be distinct elements of Un+1; if they are not contained in distinct elements of Un, then they are contained in
some Wı ∈Wn. Now it suffices to construct a well-order on W[ı] ∪ Pı .
If Pı = {pı}, define (Wı \ {pı}) ≺ pı .
If pı is not isolated then take again a local base B(pı) at pı , indexed decreasingly by ordinals from χ(pı). Again,
at isolated ordinals we use elements of B and at limit ordinals we use intersections of sets with lower index; this
intersection must be clopen.
As above, (Bıγ \ Bıγ+1) ≺ (Bıδ \ Bıδ+1) whenever γ < δ < χ(pı) and both terms are non-empty. The elements of
W[ı] are ordered by the same process of W1 in the first step.
If pı is isolated or Pı = ∅, then ≺ is further extended by any well-order of elements of W[ı].
If x, y are distinct points of X, then there exists n ∈ ω such that x and y are contained in distinct elements of Un,
say St(x,Un) and St(y,Un). We shall define x ≺ y if St(x,Un) ≺ St(y,Un) (notice that St(x,Un) ≺ St(y,Un) implies
that St(x,Un+1) ≺ St(y,Un+1)).
In order to show that (X,≺) is a GO space, observe that every Wı is convex for the order ≺ and consequently,
by (iv), every non-peculiar point has a base of convex neighbourhoods. For the construction of ≺, also the neighbour-
hoods Bıα ∈ B(pı) are convex sets.
Finally, it remains to prove that every non-empty closed set F has a minimum point. For every n ∈ ω, denote by
Un the minimum element of Un that meets F . Two cases are possible:
• there exists n ∈ ω for which the set Un consists of a peculiar point pı : in this case Uk = {pı} for every k  n and
pı is the minimum of F .
• for every n ∈ ω the set Un coincides with some Wın ∈Wn: the sequence (ın) is increasing and by (iv), the family
{Wın} is a base of neighbourhoods of a single point x. Since Wın is the minimum element of {U ∈ Un: U ∩F = ∅},
then x is the minimum of F = F . 
We can summarize results in the following
Theorem 21. Let X be a space with a non-Archimedean base B. The following properties are equivalent:
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(b) There is a branching system (Jn,Wn,Ln,Hn)n∈ω , satisfying the properties (i), . . . , (iv) and (sel-1), . . . , (sel-5).
(c) There is a branching system (Jn,Wn,Ln)n∈ω, satisfying the properties (i), . . . , (iv).
(d) X is topologically well-orderable.
3. Further topological properties
Conditions (b) or (c) in Theorem 21 seem to be rather technical. That is why we will introduce one more property
(e) = (ei)+ (eii) where
(ei) Xω is completely metrizable.
(eii) If F ⊆ X>ω has no (relatively) isolated points then F ∩Xω is dense in F .
Remark 21.1. If a non-Archimedean space has a continuous selector then it satisfies (e) by Proposition 18 and Corol-
lary 10. For a Hausdorff space X, condition (eii) is hereditary for closed subspaces and may be reformulated in the
following equivalent way:
If F ⊆ X has no relatively isolated points then F ∩Xω is dense in F .
Theorem 27 below will establish that (e) is equivalent to the properties in Theorem 21 provided that X is non-
Archimedean.
We are going to formulate some auxiliary statements first.
Lemma 22. If a Hausdorff space X satisfies (eii) and Xω is scattered then X is scattered as well.
Proof. Assume X is not scattered. So there is a non-empty closed subset H without isolated points. Since Xω is
scattered, there exists a relatively isolated point q of H ∩ Xω. Let V be a neighbourhood of q such that (V \ {q}) ∩
H ∩Xω = ∅. Since q is a limit point of H , we have (V \{q})∩H = ∅. This is a contradiction because, by the previous
remark, H ∩Xω is dense in H . 
Notation 23. For a space X, denote by X∞ the (first) Cantor–Bendixson derivative X(α) satisfying the condition
X(α) = X(α+1).
In particular, X∞ is closed and X is scattered iff X∞ = ∅. In this case the height htX of X is the minimum
ordinal α such X(α) = ∅.
We denote by X∞ω the subspace (Xω)∞.
Lemma 24. Let X be a non-Archimedean space satisfying (ei). Then X∞ω is Gδ in X.
Proof. X∞ω is closed in Xω, hence X∞ω is completely metrizable by (ei). Take a sequence of open covers {Vn}n∈ω of
X∞ω satisfying Vn+1 ≺ Vn and:
if F is a filter of non-empty closed subsets of X∞ω such that ∀n ∈ ω ∃F ∈ F ∃V ∈ Vn with F ⊆ V , then
⋂F is
a singleton x ∈ X∞ω (see e.g. [8, 4.3.10]).
For each V ∈ Vn, take an open set V̂ in X such that V̂ ∩ X∞ω = V . Put V̂n = {V̂ : V ∈ Vn} for each n ∈ ω. We may
assume that for each n ∈ ω and each W ∈ V̂n+1 there is W ′ ∈ V̂n such that W ′ ⊇ W . Fix a non-Archimedean base B.
By hereditary ultraparacompactness of X, for each n ∈ ω, there is a disjoint collection Rn ⊆ B↑ such that Rn ≺ V̂n.
We may assume again that
() for each n ∈ ω and R ∈Rn+1 there is R′ ∈Rn such that R′ ⊇ R.
PutWn = {R ∈Rn: R∩X∞ω = ∅} and Yn =
⋃Wn. We are going to prove that⋂n∈ω Yn = X∞ω . Let y ∈⋂n∈ω Yn. For
each n ∈ ω, take Wn ∈Wn such that y ∈ Wn. As Wn ∈ B↑ for each n and because of (), we obtain that Wn ⊇ Wn+1
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not open, so by Lemma 4 we have y = x ∈ X∞ω . 
Remark 24.1. The previous proof shows that if X is non-Archimedean and Y is a dense in itself completely metrizable
subspace, then Y is a Gδ in X.
We shall not really need the following two statements; we introduce them only to complement Lemma 24.
Lemma 25. Let X be a non-Archimedean space. Any scattered subspace S ⊆ Xω is Gδ in X.
Proof. We shall argue by induction on the Cantor–Bendixson height htS:
• Assume htS = 1. Since S consists of isolated points, for each s ∈ S there exists Bs ∈ B such that Bs ∩ S = {s}.
Then {Bs : s ∈ S} is a disjoint collection of open sets and {s} is a Gδ-set in Bs .
• Assume the statement is true for all scattered subspaces S ⊆ Xω with htS < α.
(a) If α = β + 1, then S(β) consists of isolated points, hence S(β) is Gδ in X. However, ht(S \ S(β)) = β < α
hence S \ S(β) is Gδ in X, so S = (S \ S(β))∪ S(β) is Gδ in X as well.
(b) If α is limit, then for every s ∈ S there exists an open subset Vs of X such that ht(Vs ∩ S) < α. By using
ultraparacompactness of
⋃
s∈S Vs , there is a disjoint collection of open sets Z such that ht(Z ∩ S) < α for
each Z ∈Z so the induction hypothesis can be used. 
Corollary 26. Let X be a non-Archimedean space satisfying (ei). Then Xω is Gδ in X.
Proof. (Xω \X∞ω ) is scattered so Lemma 24 and Lemma 25 apply. 
Remark 26.1. To complete the picture, recall that a non-Archimedean ˇCech-complete space is (completely) metriz-
able [1]. Hence the existence of a continuous selector for a non-Archimedean ˇCech-complete space follows already
from [7].
Now we state the main result of this section.
Theorem 27. Let X be a space with a non-Archimedean base B. The property (e) is equivalent to properties in
Theorem 21.
The following result is useful in order to prove Theorem 27:
Theorem 28. [2, Theorem 1.6] Each non-Archimedean scattered space is topologically well-orderable.
Let us return to Theorem 27.
Proof. (b) implies (ei) by Proposition 18, (a) implies (eii) by Corollary 10. We conclude the proof showing that
(e) = (ei)+ (eii) implies (d). The crucial fact for our procedure is Theorem 28.
We are going to define a topological well-order ≺ on X.
If X∞ω = ∅ then Theorem 28 and Lemma 22 apply.
So assume X∞ω = ∅. By (ei) and the proof of Lemma 24, there are Wn, n ∈ ω such that
(Seq)
(1) ∀n ∈ ω, Wn is a disjoint collection of elements of B↑ such that⋃Wn ⊇ X∞ω .
(2) For each W ∈Wn: W ∩X∞ω = ∅.
(3) If F is a filter of closed sets such that F ∩Wn = ∅ for each n ∈ ω,
then
⋂F = {x} and x ∈ X∞ω . ′ ′(4) For each W ∈Wn+1, there is W ∈Wn such that W ⊆ W for n ∈ ω.
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Some difficulties are connected with the possibility that bdYn = ∅ for infinitely many indices n; we are going to
overcome these problems.
Let W−1 = {X}.
If n  0 and W ∈Wn−1, let next[W ] = {W ′ ∈Wn: W ′ ⊆ W }. Note that W ∩ Yn =⋃next[W ]. Let qW be the
quotient map defined on W that collapses each W ′ ∈ next[W ] to a single point (distinct members of next[W ] being
collapsed to distinct points), and let W˜ denote the resulting quotient space. Then the quotient map qW :W → W˜ is both
open and closed and the quotient space W˜ is non-Archimedean and scattered, so that W˜ is topologically well-ordered
by some linear ordering W . For any pair of distinct points x, y ∈ X, take
n = n(x, y) = sup{k: St(x,Wk−1) = St(y,Wk−1) = ∅};
(Seq)(3) implies that n is finite; write W = W(x,y) = St(x,Wn−1) and observe that qW (x) = qW (y) in the space W˜ .
Hence exactly one of the relations qW (x)W qW(y) or qW (y)W qW(x) holds in W˜ and we define x ≺ y if and only
if qW (x)W qW(y) in W˜ .
Clearly, the definition of ≺ implies that every W ∈Wn is convex and the quotient map qW is monotone. Thus every
point x ∈ X∞ω has a base of neighbourhoods consisting of intervals.
Let x /∈ X∞ω and let n be the minimum integer such that x /∈ Yn. Then x belongs to some W ∈Wn−1. Since qW
is an open and monotone function onto a topologically GO space, we obtain that x has a base of neighbourhoods
consisting of intervals.
The intersection property (Seq)(3) is crucial also for the proof that the order ≺ is a topological well-ordering.
Take a non-empty closed set F ⊆ X. We proceed by induction in order to find the minimum point of F . Since our
quotient maps are closed, the set qX(F ) has a minimum element α0. If α0 /∈ qX(Y0), we are done since the preimage
of α0 is the minimum of F . Otherwise, there exists W0 ∈W0 such that α0 is the image of W0. Let F1 = F ∩ W0 and
let α1 be the minimum element of qW0(F1). We continue this process: if, after n-many steps, the point αn does not
belong to the image of Yn, then the preimage of αn is the minimum of F ; otherwise for each n there exists a minimum
Wn ∈Wn such that F ∩Wn = ∅ and F ∩Wn ≺ F \Wn. Then the minimum of F is the unique point in the intersection
of the chain of sets {Wn ∈Wn: n ∈ ω}. 
Remark 28.1. Observe that one of the reasons to introduce branching systems was the proof that Xω is completely
metrizable provided there is a continuous selector on X. Finding a more direct proof for this fact, one could simplify
reasoning in this paper, possibly avoiding branching systems.
The following result provides new conditions to [2, Theorem 1.7]. Recall that [2, Theorem 1.6] and [3, Theo-
rem 2.1] (see also a very related statement [14, Theorem 2.4]) say that each non-Archimedean scattered space is
a subspace of ordinals (hence it is topologically well-orderable), so it has a continuous zero-selector.
Theorem 29. Let X be a non-Archimedean P-space. The following conditions are equivalent:
(i) there exists a selector.
(ii) X is scattered.
(iii) X is topologically well-orderable.
(iv) X is a subspace of ordinals.
(v) there exists a zero-selector.
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